Immense optical field enhancement was predicted to occur for the Berreman mode in ultrathin films at frequencies in the vicinity of epsilon near zero (ENZ). Here, we report the first experimental proof of this prediction in the mid-infrared by probing the resonantly enhanced second harmonic generation (SHG) at the longitudinal optic phonon frequency from a deeply subwavelength-thin aluminum nitride (AlN) film. Employing a transfer matrix formalism, we show that the field enhancement is completely localized inside the AlN layer, revealing that the observed SHG signal of the Berreman mode is solely generated in the AlN film. Our results demonstrate that ENZ Berreman modes in intrinsically low-loss polar dielectric crystals constitute a promising platform for nonlinear nanophotonic applications.
resonances. These are traditionally observed as plasmon polaritons in metallic nanostructures or rough metal surfaces. Such strongly enhanced fields enable a variety of nanoscale applications 1 such as all-optical switching, 2, 3 low-loss frequency conversion, 4,5 and highly efficient sensing. 6, 7 In the infrared (IR), an alternative to plasmonic resonances in metals are phonon polaritons supported in polar crystals, 8 as has been demonstrated in various seminal studies. [9] [10] [11] [12] These phonon polaritons feature longer lifetimes than plasmon polaritons, leading to much larger quality factors and stronger field enhancements, 13-15 and thus potentially enhanced efficiency of nonlinear optical effects.
One area in nanophotonics of distinct recent interest are investigations of polaritonic modes in plasmonic or polar dielectric subwavelengththin films that emerge near zero permittivity. Over the past decades, the existence of such thin-film polaritonic modes has attracted broad attention. [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] Initially, radiation in a narrow spectral window at the plasma frequency of thin metal films was predicted 16 and later observed.
18-20 Its origin was associated with a collective surface plasma mode with polarization normal to the surface plane of the film.
18 At the same time, a similar effect was reported by Berreman in a thin polar dielectric film, where absorption occurs at the longitudinal optic (LO) phonon frequency.
These absorption features in thin films were argued to originate in radiative virtual polaritonic modes, 21,22,24 naturally occurring at frequencies where the real part of the dielectric function crosses zero. This condition is met at the plasma frequency in a metal, and at the LO frequency of a polar crystal film. While these lossy polariton modes disperse on the low momentum side of the light line, it was discovered that a complementary evanescent polariton mode close to the LO frequency of a polar dielectric is also supported outside the light cone.
22 Just like the radiative modes, the evanescent polaritons naturally emerge in thin films at frequencies of vanishing dielectric function. Therefore, these modes offer an intriguing platform for exploiting the unique characteristics of waves propagating in so called epsilon near zero (ENZ) materials.
27,28
While most ENZ studies depend on carefully and intricately designed metamaterials, [29] [30] [31] [32] thin metal or polar dielectric films stand out for their structural simplicity. Previous studies have reported promising applications employing these ENZ polariton modes, such as optoelectronic devices for the ultrafast control of absorption and emissivity, [33] [34] [35] directionally perfect absorption, 36, 37 or long-range plasmon polaritons for the development of nanophotonic integrated technologies.
38,39
However, these previous studies mostly focused on the linear optical response, whereas only few reports of the nonlinear conversion efficiency of ultrathin films exist. This efficiency has been proposed to be strongly enhanced at ENZ frequencies, 40 but experimental verification is limited to a few studies of indium tin oxide (ITO) thin layers [41] [42] [43] excited at frequencies in the near infrared spectral range. The nonlinear optical response of thin films of other materials with phonon resonances in the midto far-IR, in particular III-V or III-nitride polar semiconductor compounds, however, has to the best of our knowledge not yet been studied.
In this work, we investigate the linear and nonlinear optical response of ultrathin ( λ/1000) AlN films on a SiC substrate in the radiative regime, where λ represents the free-space wavelength at the ENZ condition. We report strong SHG at the AlN LO phonon frequency arising from the Berreman mode in the ultrathin AlN film. The observed SHG yield provides experimental proof of the immense field enhancement inside the film and is attributed to the excitation of the Berreman resonance. Furthermore, we delineate several perspectives based on ENZ polaritons for the deployment of low-loss nonlinear nanophotonic applications.
A mode in a medium is defined as a solution of Maxwell's equations in the absence of an external perturbation. In a three-layer system, the dispersion of a polaritonic mode can be calculated by numerical evaluation of the following formula:
20,25,44
where ε is the dielectric function, d is the film thickness of layer 2,
x is the out-of-plane momentum, k x is the in-plane momentum conserved in all layers, and the subscripts i = 1, 2, 3 refer to the three layered media. In principle, Eq. 1 can be solved either for a complex frequency ω and a real wavevector k x , or for a complex k x and a real ω. However, depending on the mode nature and the observables of interest, one of the representations is better suited than the other. We here choose the complex ω representation following the rationales found in literature, 25,33,45,46 especially to account for the virtual nature of the Berreman mode 47 (for further details, see Supplementary Information Fig. S1 ).
By solving Eq. 1 for an air/AlN/air system with varying thickness d AlN of the AlN layer, the dispersion curves shown in Fig. 1a are obtained. On the right hand side of the light line, i.e. in the region of evanescent surface-bound solutions, the symmetric (upper blue lines) and antisymmetric (lower blue lines) thin-film polaritons emerge. Spectrally, these modes are bound inside the AlN reststrahlen region between the TO and LO frequencies ω • . The dip at the LO frequency for the thinnest film corresponds to the Berreman mode (red shade), which disappears with the buildup of the AlN reststrahlen band for increasing film thicknesses. c Calculated reflectance of an AlN thin film on a SiC substrate at an incidence angle of 85
• . Here, the Berreman mode appears as a deep dip inside the reststrahlen band of SiC. ω AlN LO , respectively. For thick films (d AlN > 1 µm), the two modes enclose the dispersion of a surface phonon polariton (SPhP) at the interface of a bulk AlN crystal (green line) and, for further increasing film thicknesses, eventually fall back onto this single green curve. On the other hand, for diminishing thicknesses, the two modes are pushed towards ω The Berreman mode (red lines) arises as a continuation on the left hand side of the light line, i.e. in the region of radiative solutions. Contrary to its evanescent counterpart, this leaky polariton mode undergoes a small upward bend close to the light line for larger film thicknesses. For d AlN = 20 nm, however, the Berreman mode has a flat dispersion at ω LO just like the evanescent polariton, and therefore also exhibits ENZ character.
The feature in the transmittance spectrum of a thin film at the LO frequency originally reported by Berreman 17 is reproduced in the transmittance simulations shown in Fig. 1b . The Berreman mode can only be excited by radiation with a non-zero out-of-plane electric field component, and hence p-polarized light at oblique incidence is required to observe the absorption peak. A visual explanation for the necessity of p-polarized excitation can be found in the spatial electric field distribution of the Berreman mode (see Supplementary Information Fig. 2a and b) . Along the in-plane coordinate x, the field vectors perform a rotation in the x-z plane, i.e. the plane of incidence, with z being the out-of-plane coordinate. In order to accentuate the Berreman absorption feature, the curves shown in Fig. 1b -c were calculated at an incidence angle of 85
• , leading to a strongly pronounced dip at ω Fig. 1b . Because of this buildup, already for d AlN = 300 nm, the Berreman absorption dip is strongly broadened and its frequency position is not clearly defined. This is different in Fig. 1c , were we show the reflectance curves for an air/AlN/SiC structure, resembling the experimentally investigated sample. Interestingly, the highly reflective reststrahlen band of the SiC substrate allows to observe the Berreman absorption feature in a reflectance measurement. In contrast to the freestanding film, a sharp and deep minimum is observed even for 1000 nm film thickness, indicating that the Berreman mode is still supported at the thick-film limit. In the Supplementary Information Fig. S3b , the reflectance is shown for film thicknesses up to 5 µm. For d AlN > 1.5 µm, the amplitude of the Berreman dip starts to diminish, approaching the optical response of a bulk AlN crystal that does not support a Berreman mode anymore.
In order to verify that the reflectance dips in Fig. 1c originate in the Berreman mode, the theoretical dispersion for the air/AlN/SiC structure is calculated employing Eq. 1. While being quantitatively similar to the air/AlN/air Berreman mode dispersion, the SiC substrate leads to a smaller slope and a reduced frequency in proximity to the light line (see Supplementary Information Fig. S3a ). As is shown in Supplementary Information Fig. S3b , the frequencies of the theoretical dispersion at 85
• incidence angle and those of the numerical reflectance curves are in excellent agreement, corroborating that a reflectance measurement gives experimental access to the Berreman mode of the air/AlN/SiC structure.
We employ SHG spectroscopy 48 to probe the field enhancement associated with the excitation of the Berreman mode. The strongest field confinement occurs in ultrathin films leading to a strong field enhancement of the Berreman mode, which is a prerequisite for the observation of a significant SHG signal. We therefore focus on two samples with ultrathin AlN films of thickness d AlN = 10 nm and 20 nm. The AlN films were grown by RF-plasma assisted molecular beam epitaxy onto a 4H-SiC substrate, and therefore also feature a hexagonal crystal structure with the c-axis being perpendicular to the sample surface.
The reflectance and SHG spectroscopy measurements were performed in a non-collinear autocorrelator setup 48 at 30
• and 60
• incidence angle employing a tunable, narrow-band, ppolarized mid-IR free electron laser (FEL) 49 as an excitation source. Beforehand, intrinsic higher harmonics of the FEL are blocked by two dichroic 7 µm longpass filters. The reflectance is recorded at 60
• by a pyroelectric detector, whereas the two-pulse correlated SHG signal is generated at 45
• between the reflected fundamental beams and is measured by a mercury-cadmium-telluride detector. For two p-polarized incident beams, the produced SHG signal is also p-polarized (PPP configuration). Because of the respective χ (2) component for ccut crystals being zero, there is no SPP contribution.
48, 50 We note that the non-collinear excitation scheme is only applicable for ultrathin films where the shift of the Berreman resonance frequency with incidence angle is negligible (see Fig. 1a ), whereas for thicker films, a collinear setup would be necessary.
51
The experimental SHG and reflectance spectra are plotted in Figs. 2a and b, respectively. There, the yellow and red lines indicate the data for the 10 and 20 nm thick AlN films, respectively. Additionally, we show spectra for a bare SiC sample (black lines). As has been demonstrated previously, 48,50 the bulk SiC substrate produces SHG peaks at its TO and LO frequencies (blue shades), leading to the same response in all three samples in these regions (ω ∼ 800 cm −1 and ω ∼ 970 cm −1 ). In fact, the only deviations from the bulk reflectance and SHG spectra are seen at the AlN TO and LO frequencies (green shades), where we observe clear, strong peaks in the SHG signal scaling with the AlN film thickness (see inset in Fig. 2a with enlarged vertical axis) . The observation of such a sizable SHG yield at the LO frequency is astonishing, especially considering the exceptionally small effective volume of only a few nanometer AlN that is generating the signal.
The SHG intensity I SHG is proportional to the tensor product of the field enhancement E(ω) and the second-order susceptibility tensor χ (2) :
It is clear that either a resonance peak in χ (2) or E(ω) will lead to an enhanced SHG yield and thus a peak in the SHG spectrum. However, at the LO frequency, the second-order susceptibility χ (2) has no resonances. 48 As for the case of polaritons, 51 also here we do not need to introduce an additional resonance in the χ (2) to reproduce the data. We therefore argue that the origin of the reported large SHG yield is the immense electric field enhancement in the AlN thin film. In order to get further insights into the electric field distributions, we employ a 4 × 4 transfer matrix formalism specifically designed to simultaneously handle media with fully anisotropic as well as isotropic dielectric tensors. 53 This allows us to account for the uniaxial anisotropy of both 4H-SiC and hexagonal AlN, leading to an accurate reproduction of the reflectance data with highly detailed qualitative accordance. For instance, even small features like the dip at the high-frequency reststrahlen edge of SiC originating from the SiC anisotropy are accurately reproduced, see Fig. 2d . (Note that for Fig. 1 the materials were taken to be isotropic, which is sufficient for the qualitative understanding of the Berreman mode.)
Quantitatively, the calculations feature a deeper and sharper Berreman dip in the reflectance than in the experiments, see Fig.  2b . This discrepancy is mainly due to growth defects in the AlN layer and an unavoidable strain due to the lattice mismatch between SiC and AlN (1%), 54, 55 leading to an effectively increased damping constant of AlN than assumed in the calculations (γ AlN = 2.2 cm −1 ). 56 Furthermore, an additional experimental broadening arises from the FEL linewidth (∼ 4 cm −1 ). In Fig. 2c , we show the in-plane (E x ) and out-of-plane (E z ) local electric field enhance-
is conserved at the interface and is generally small (with a maximum value of ∼ 1.9), the E z field enhancement features a strong peak at ω AlN LO with a maximum of > 60 for the 10 nm film.
Note that while the Berreman reflectance minimum deepens for larger film thicknesses, the E z field enhancement is already 16% smaller in the 20 nm than in the 10 nm film. Thus, counter-intuitively, thicker films that feature higher optical absorption, exhibit a smaller degree of field enhancement. In the observed SHG signal, this reduction is compensated by an increasing effective volume, leading to larger SHG yields. However, we emphasize that only ultrathin films (d AlN < 50 nm) demonstrate such high field intensities, thus opening new possibilities for deeply subwavelength nanophotonic applications in the IR.
The E z field is fully confined inside the AlN layer, which is reflected in the flat frequency dependence and small magnitude of the E z field enhancement in SiC (blue line in Fig. 2c ). This field localization is even better illustrated in Fig. 3a , where we show the spatial distribution of the in-plane E x and out-of-plane E z field enhancements as a function of z, i.e. along the surface normal, at ω = 900 cm −1 . The electric field has to obey Maxwell's boundary conditions, i.e. continuity of the in-plane fields (E ) and of the out-of-plane displacement field D z = εE z is required:
Eq. 3 is the physical reason for a field enhancement at ENZ conditions, since for vanishing ε AlN adjacent to air with a finite ε air , the electric field E AlN z strongly increases in order to fulfill the boundary condition. In a bulk crystal, the field enhancement at ENZ conditions typically reaches values on the order of 1-10 (e.g. in bare SiC 48 or in an AlN/SiC structure, see Supplementary Information Fig. S4a) .
However, in a bulk crystal the phase difference of the incoming and the reflected fields is close to zero, leading to a small total field at the air/AlN interface (E air z ) due to destructive interference. As a consequence, following Eq. 3, the ENZ induced enhancement of the E AlN z field is strongly suppressed. In contrast, in the limit of an ultrathin AlN film (d AlN 100 nm), the phase difference becomes sizable, thus leading to the strong field enhancement as shown in Fig. 2c and Fig. 3a (for details see Supplementary Information Fig. S4b-g ). Fig. 3b and c show spatio-spectral maps of the E x and E z fields each normalized to E x0 and E z0 , respectively. Interestingly, E x features no considerable field enhancement, but exhibits small dips or peaks marking the TO and LO frequencies of both AlN and SiC. The spatiospectral map of E z in Fig. 3c , on the other hand, clearly reveals the extreme, spectrally sharp and strongly confined field enhancement in the AlN layer at ω = 900 cm −1 . Finally, we turn to the TO frequency of AlN (670 cm −1 ), 57 where the experimental data in Fig. 2a exhibit a strong SHG signal of similar magnitude as at the LO frequency. Quite surprisingly, this AlN TO peak is even larger than the peak at the TO frequency of the SiC substrate. Partially, this can be attributed to a reduced field suppression at ω T O for thin films compared to a bulk crystal 50 (see Supplementary Information Fig. S5 ). Notably, the observed peak arises from a resonance in the second-order susceptibility χ (2) at ω AlN T O , and not from a field enhancement as for the LO peak. Therefore, to fully understand the SHG peak amplitudes at the TO frequencies, a quantitative model of the χ (2) for AlN would be necessary.
In this work, we have observed an immense SHG signal arising from a Berreman mode in an ultrathin AlN film excited at ENZ frequencies in the mid-IR. Analogous to previous studies of ITO, 58 aluminum-doped ZnO, 59 and CdO, 60 the high optical nonlinearity at ENZ conditions in our system holds high promises for alloptical ultrafast control of polarization switching, 60 and even over the material's optical properties. 58, 59 However, while all mentioned studies employ ultrathin films excited via free-space ra- fields E x and E z , respectively, along the z axis perpendicular to the interfaces and calculated at the Berreman resonance at 900 cm −1 . The large E z field enhancement (red) is strongly localized inside the AlN. The E x field (blue), on the other hand, does not feature any significant field enhancement. Note that in the air layer, the sum of the normalized incoming wave and the reflected wave is plotted, thus resulting in amplitudes larger than 1. b, c Spatio-spectral maps of E x and E z , respectively. The in-plane field E x features a small enhancement at the SiC LO (965 cm −1 ) and a minimum at the SiC TO (797 cm −1 ). In between in the SiC reststrahlen band, the field decays evanescently into the SiC substrate. Interestingly, a local minimum in E x can be observed at both the AlN TO (670 cm −1 ) and the AlN LO (900 cm −1 ). On the contrary, the out-of-plane field E z in c features an immense and spectrally sharp field enhancement inside the AlN layer at the AlN LO frequency.
diation -for which in our system the Berreman mode is accessible, dispersing inside the light cone in vacuum -a complementary polaritonic ENZ mode exists on the other side of the light line. The linear response of these ENZ polaritons has been studied recently, 61,62 but investigations of their nonlinear response are to the best of our knowledge still lacking. Analogous to the Berreman mode, a strong field enhancement also characterizes the ENZ thin film polariton due to its ENZ environment. We therefore highlight the nonlinear response of ENZ polaritons to be an intriguing subject, specifically in light of the development of polariton-based nonlinear nanophotonics.
Polar crystals such as AlN or SiC, where ENZ conditions are met at the LO phonon resonances in the mid-IR, feature several appealing properties that are unavailable in metals or ITO: (i) The imaginary part of the dielectric function ε 2 at ω LO (ε AlN (ω = ω LO ) = 0 + 0.02i) is significantly smaller than in metals, 63 and more than one order of magnitude smaller than for ITO (ε IT O (ω = ω LO ) = 0 + 0.5i), 43 which strongly increases the field enhancement inside the thin layer and hence the SHG efficiency. (ii) Many polytypes of SiC as well as AlN exhibit a hexagonal crystal structure, resulting in a uniaxial anisotropy of the dielectric tensor. This anisotropy leads to a hyperbolic frequency region between the extraordinary and ordinary LO frequencies, i.e. in the range of the ENZ polaritons, enabling a whole new range of phenomena yet to be explored. These phenomena include, as has been observed in different systems before, negative refraction, 64 negative phase velocity, 65 or subdiffraction imaging and focusing. 66, 67 (iii) Compared to highly doped semiconductors, one drawback of polar crystals is the lack of tunability of the ENZ frequency, being fixed to the LO phonon. On the other hand, due to relatively short lifetimes of surface plasmon polaritons in metals or most highly doped semiconductors, plasmon-based nanophotonics exhibits intrinsic drawbacks due to inherently high losses, whereas SPhPs in polar crystals feature much longer polariton lifetimes due to long-lived phonon resonances.
8,68
Hence, the employment of the ENZ polariton at the LO frequency offers an appealing alternative for nanophotonic applications, where lowloss ENZ characteristics combine with ultrahigh field enhancements.
In conclusion, we have reported the first observation of a resonantly enhanced SHG yield from a phononic Berreman mode in a deeply subwavelength thin film, exemplified for AlN on a 4H-SiC substrate. The origin of this large SHG signal is the immense out-of-plane field enhancement arising due to the zero-crossing of the dielectric function at the thin film LO frequency, strongly confined to the ultrathin layer. Thanks to low phonon dampings in polar crystals such as AlN and SiC, nanophotonic systems based on such crystals offer an appealing alternative to plasmonics, featuring high-quality resonances with extreme field enhancements. As a possible pathway, we envision ultrathin-film Berreman modes featuring ENZ nature to provide new opportunities for ultrafast all-optical control by taking advantage of the high optical nonlinearity. 
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Supporting Information
Theoretical thin film polariton dispersions for either complex frequency or in-plane momentum (Fig. S1 ), Electric field distribution of the Berreman mode in a 1 µm thick AlN slab (Fig. S2) , Comparsion of theoretically and numerically determined Berreman dispersion (Fig.  S3) , Out-of-plane field enhancement E z at the interfaces of the air/AlN/SiC system (Fig. S4) , Contributions to the SHG yield at the AlN TO frequency (Fig. S5) . For instance, the complex frequencies representation is recommended for short pulse excitations, while the complex wavevector representation should be used to analyze the local density of states of a system 2 . For the here investigated air/AlN/SiC system, the complex ω representation (a) is the adequate choice: Firstly, solving the system without damping and thus for real ω and real k x , qualitatively, the same dispersion curves as shown in a are obtained 3 . Secondly, the leaky Berreman mode resembles a virtual polariton mode, i.e. its fields are related to an energy flow out of the system, which decreases with time 4 . As has been discussed by Kliewer and Fuchs 4 , the correct choice for a standard virtual-mode treatment is the complex ω representation. Thus, in a bulk sample, a lot more volume contributes to the SHG signal at the LO than at the TO, whereas in a very thin film (d < 200 nm), the effective source depth is equal at both frequencies and given by the film thickness. Therefore, in an ultrathin AlN film, the TO SHG signal is stronger compared to the LO signal than for a bulk crystal. b In-plane E x and out-of-plane E z fields at the ordinary AlN TO frequency (670.8 cm −1 ) as a function of AlN film thickness. As stated in the main text, in a bulk crystal the field enhancement is strongly suppressed at the TO frequency 6 , leading to a suppressed SHG yield despite the strong χ (2) resonance. In an ultrathin film, however, this suppression is reduced, as can be seen by the sharp increase of the E x field for d AlN < 100 nm.
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